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Flow Solvers
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A solution-adaptive grid procedure based on an error equidistribution scheme is developed and applied to a
parabolized Navier-Stokes solver. An improved method of selecting weighting functions is introduced that
invelves normalizing a combination of flowfield gradients and curvature of a number of dependent variables
and then selecting the largest at each point. The scheme redistributes grid points line by line with grid point
motion controlled by forces analogbiis to tensional and torsional spring forces with the spring constants set equal
to the weighting functions. Torsional terms are functions of the grid point positions along neighboring grid lines
and provide grid smoothness and stability. A grid-fitting scheme is introduced for external flows in which the
number of grid points in the freestream are reduced to a minimum. Results for several problems are presented
to demonstrate the improvements obtainable with the solution-adaptive grid procedure.

Introduction

HE search for more accurate and computer efficient so-

lutions to complex problems in fluid flow and heat trans-
fer has led to the utilization of improved discretization meth-
ods. In many such problems, there occur regions in the physical
domain where the dependent variables exhibit large changes
in gradient and/or curvature. For supersonic flowfields, these
regions could include shocks, expansion fans, contact sur-
faces, as well as boundary layers, which, when present si-
multaneously, can produce physically complex interactions
difficult to simulate numerically without strategic grid point
placement. In most cases, the locations of these regions are
not known a priori, and, hence, the initial distribution of grid
points is unsatisfactory. What is needed is a method for re-
distributing the grid points as the solution evolves. This re-
distribution should sufficiently cluster points in high-gradient
regions while not completely devoiding other regions of grid
points.

Numerous studies on adaptive grid techniques are presently
available. Thompson! and Hawken? independently provide
complete surveys of the most widely accepted methods. As
noted by Thompson,! most adaptive grid procedures attempt
to equally distribute some measure of the solution error; how-
ever, each differs in its individual approach.

The most popular approach has been to maintain a constant
product of a weighting function, which is proportional to an
error measure, and the grid interval throughout the solution
domain. Dwyer et al.? used a linear combination of the gra-
dients and curvature of a dependent flow variable as the error
measure. Rai and Anderson* and Greenberg® used an attrac-
tion/repulsion method where grid points possessing weighting
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functions larger than some average value attract each other
while those points with values less than the average repel each
other. Gnoffo® introduced a method analogous to a system
of tension springs set between grid points whose spring con-
stants are functions of an error measure. Nakahashi and
Deiwert’? extended the method to include torsion spring
forces that relate grid point positions along neighboring lines
and thus provide for grid smoothness. This method has also
been successfully used by Djomehri and Deiwert'© and Davies
and Venkatapathy.!!

Variational methods have also been used as a method of
grid adaptation. This approach involves the minimization of
an integral whose integrand is a function of some error esti-
mate of the evolving solution. Thompson'!? has shown that
this minimization process is equivalent to the solution of an
elliptic set of partial differential equations (Poisson’s equa-
tions) with the nonhomogeneous terms proportional to the
error measure. The method of Gnoffo® can be described in
terms of variational methods as the minimization of the energy
in a system of springs set between grid points.

The objective of this study is to apply an efficient solution-
adaptive grid scheme to a parabolic space-marching flow sol-
ver. Solutions to spatially parabolic equations are obtained
by marching in space rather than time and, therefore, are
obtained much more efficiently than solutions to the time-
dependent Navier-Stokes equations. The present flow solver,
developed by Lawrence,'*!'* applies upwinding to the para-
bolized Navier-Stokes equations and is based on Roe’s scheme. **

The present paper describes the development of a solution-
adaptive grid procedure for a parabolized Navier-Stokes sol-
ver. Results obtained using the adaptive grid method are pre-
sented along with results obtained on a fixed grid to allow for
evaluation of the efficiency and accuracy of the new scheme.

Flow Solver

As stated earlier, the present flow solver involves the in-
tegration of the parabolized Navier-Stokes (PNS) equations,
in which the spatial propagation of flowfield information is
locally modeled using a steady version of Roe’s scheme. The
PNS equations are obtained from the steady-state Navier-
Stokes equations by neglecting streamwise viscous derivatives
and by extracting the portion of the streamwise pressure gra-
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dient term that is responsible for introducing ellipticity into
the equations. For a two-dimensional flow, they can be written
with respect to a generalized coordinate system as

oE* OEr  o(F, — F,)
+ 0+ ——==0
13 € am

where F; and F, represent the inviscid and viscous crossflow
numerical fluxes, respectively. The & coordinate is defined as
the streamwise direction and 7 is the crossflow direction. The
terms E* and E” are the result of employing the Vigneron
technique?® to split the streamwise flux vector. They are de-
fined by

M

E* =
va + % wp
. (E + p)U
. 0 W
(5)a - o
EP =

with

o= e+ )

The vector E* is the resultant streamwise flux, and E” is the
portion of the original streamwise flux responsible for intro-
ducing ellipticity into the equations through the subsonic
boundary layer. It is shown in Ref. 16 that Eq. (1) is hyper-
bolic parabolic with respect to the dependent vector E*, pro-
vided that w satisfies the relation

o oyM;
w = min [1, —-—1 o 1)M§]

where M, is the Mach number in the &-coordinate direction
and o is a safety factor.

Equation (1) is integrated using the methods outlined in
Refs. 13 and 14 by employing a space-marching procedure in
which the solution at each successive § plane is solved using
the upstream solution as the initial condition.

Grid Adaptation Procedure

Numerical Method

Since the algorithm described in the previous section marches
in space rather than time, each streamwise location of the
flowfield is solved with the upstream condition as the corre-
sponding initial condition. An appropriate adaptive grid scheme
would construct a grid plane at the streamwise location of
interest, solve for the flowfield variables at this location based
on the upstream conditions, and then recluster the grid points
based on the gradients and/or curvature of the computed flow.
An improved solution can then be obtained on the resulting
refined grid plane. A new grid plane can then be constructed
(with grid points proportioned to that of the previous plane)
at the next streamwise location and then the procedure can
be continued.
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The basic philosophy adopted in this paper to recluster grid
points is somewhat similar to that of Gnoffo® and is analogous
to minimizing the energy in a system of tension springs set
between grid points. The spring constants represent functions
of the gradient and/or curvature of a selected dependent var-
iable. Nakahashi and Deiwert’ later refined Gnoffo’s method
by introducing the concept of a torsion spring to reduce grid
skewness between grid lines or planes. The method is based
on variational principles; however, the problem is posed by
Nakahashi and Deiwert in an algebraic unidirectional manner
by applying tension and torsion spring forces proportional to
flow gradients at each grid point along a fixed coordinate line
and solving for the equilibrium position of the resulting grid
system. The resulting system of equations is tridiagonal, which
can be solved efficiently for the final positions of the grid
points.

The grid adaptation technique in this paper is based on the
error equidistribution method and involves the redistribution
of grid points such that an error measure represented by a
positive weighting function w; is equally distributed over a
coordinate line,

wls, = K 2)

where w; is the weighting function based on flow properties
and, in the terminology of Refs. 9 and 11, represents the
spring constant with K as the resultant force. The grid interval
As; is defined as the distance between adjacent grid points
along a line of constant computational coordinate. Figure 1
illustrates the grid topology surrounding the grid point (i, j).

The weighting function w; is defined as a function of a
selected normalized flow property f such that

W, =1+ Af? 3)

where A and B are constants related to the desired minimum
and maximum grid spacings; their expressions are given in
Ref. 11. The choice of the normalized flow property f is an
important issue and is described in the next section.
Summing both sides of Eq. (2), solving for K, and then
substituting the resulting expression for K back into Eq. (2)

yields
Asi = smax Wi 2 l) (4)
I=1 W[
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Fig. 1 Adaptive mesh geometry.
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where s, is the total length of the coordinate line. Equation
(4) is an expression for the new grid point locations based on
local flow properties. Thus, where the error measure w; is
large, As; will turn out to be small and, therefore, the local
truncation error at a point, whose leading term is proportional
to w{As;)", will tend to be equidistributed over the complete
domain.

If Eq. (4) is used alone to determine the new grid spacing
along each grid line, the grid would quickly become skewed
due to the lack of dependence of the adapted grid points on
the previous grid line. To ensure a smoother grid, there needs
to be a relationship between the current grid adaptation line
(where the grid adaptation is to be performed) and the pre-
viously adapted grid line. Torsional terms are introduced to
accomplish this task. Figure 2 graphically illustrates the ad-
dition of a torsion spring to the system. This procedure, de-
veloped by Nakahashi and Deiwert,” relates grid points along
adjacent grid lines, thus providing for a smoother grid. Per-
forming a force balance on the system of tension and torsion
springs acting on the point (i, j) of Fig. 2, the following equa-
tion is obtained:

WilSis1 — 8) = Wials; — 5;21) — C8i ;= 0
where —C#,;_, denotes the force due to the torsion spring.
The torsion angle 6 can be approximated by 6, = (s; —
s))|\DA’|, where DA’ is the length of the line segment from
the point (i, j — 1) to the point of intersection of the torsional
reference line with the current adaptation line. The quantity
s; is the point where the streamwise torsional reference line
crosses the current adaptation line and, physically, corre-
sponds to the point A’ of Fig. 2. Substituting this expression
for the last term in the previous equation and rearranging
yields

1

WitSioy — Wiy + Wi + )5 + wsi = —1s) ()

which is tri-diagonal and can be solved easily for s;, the final
grid point positions. Equation (5) is solved by employing an
iterative procedure, interpolating the weighting functions at
each iteration until the grid becomes stationary. The constant
7, = C/|DA’| is the magnitude of the torsional influence from
the streamwise direction. The choice of C was observed to
greatly affect consistency in grid smoothness and continuity.
Nakahashi and Deiwert® set C proportional to the average of
the tension spring constants along a line. Davies and
Venkatapathy!! assumed that C is proportional to the maxi-
mum w; and the local aspect ratio of the grid cell. This method
is adopted in the present study with the modification that C
is also assumed proportional to the length of the torsion spring
|[DA’|. As a result, 1, is expressed in the following manner:

_ )\Wmax(si+l,j—l - si-l.j~l)

T

i 2|DA’|

Fig. 2 Tensional and torsional spring system.
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The constant \ is used as a user input to control the amount
of torsion or rigidity the system possesses and is usually on
the order of 1071-10"%. A value of zero for A completely
removes torsional dependence and allows grid points to move
without influence from adjacent grid lines. The torsional ref-
erence line DA’ is constructed in the direction of the torsional
vector ¢, which in this paper is taken to be proportional to
the orthogonal and straightness vectors (see Fig. 2). The or-
thogonal vector #; is defined as a vector in the positive x
direction and represents the direction that the grid must take
in order to maintain a modest degree of overall orthogonality.
The straightness vector §; at the point (i, j) is the average of
two vectors. The first of these vectors is established from the
point (i, j — 2) to the point (i, j — 1) and the second is taken
from the point (i, j — 1) to the point (7, j). The torsional
vector , is defined as

2i = thi + (1 - Ct)ﬁi

where C, is a user input. A value of C, close to zero leads to
a more orthogonal grid, whereas C, closer to unity adds more
straightness to the grid. The torsional reference line DA’ acts
in the direction of the torsional vector ¢,

As noted earlier (see Ref. 11), the constants A and B used
to compute the weighting functions defined by Eq. (3) were
derived with the torsionless equations (Eq. 4). With the ad-
dition of the torsion terms, the computed minimum and max-
imum grid spacing will be somewhat altered and may not
correspond to the requested As,,;, and As, ... Using the ter-
minology found in Ref. 11 to help alleviate this problem and
provide for improved convergence, a weighting of the form

w, = (1 + AfP)w,

is used instead of Eq. (3). When Eq. (5) is solved, each As;
is checked to see if it lies within the user requested limits of
As,;, and As,,... If so, the value of w; is set equal to unity. If
As, is not within these limits, the conditional operator

1/{ As,
i L < .
3 ( — + 1) for As; < ASpin
w, = . (6)
bt i >
3 < — + 1) for As; > As ..

is used to define w;. Although Eq. (6) does not guarantee As;
will lie within the user requested maximum and minimum grid
spacings, their use is observed to enhance the stability of the
algorithm.

Special treatment of weighting functions is also required at
the boundaries of the adaptation domain, which can include
all, or only a subset, of the entire calculation domain. Either
technique requires the adapted mesh near the boundary to
be smooth and continuous. This task is accomplished by ad-
justing the edge weighting function to correspond with the
desired edge spacing at each iteration of Eq. (5). If wall spac-
ing exceeds a specified value As. 4, by a prescribed tolerance,
the weighting function at the wall is then adjusted in the
following manner:

w _ wAs,

edge Asedge
Surrounding weighting functions are then smoothed to pro-
vide continuous spacing outward from the boundary of the
adaptation domain.

Selection of Weighting Functions

The selection of weighting functions and the normalized
flow variable f used to drive the grid adaptation is considered
next. Ideally, it is desired to minimize the truncation error
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and distribute the error uniformly over the computational
domain. Although the truncation error cannot be estimated
accurately, it is generally proportional to (As)"d"¢/as”, where
n denotes the order of accuracy.

As in many of the studies on solution-adaptive gridding, a
linear combination of gradients and curvature of selected de-
pendent and/or physical variables are used here as weighting
functions. Finding a flowfield variable that will consistently
represent solution error in all regions of the solution domain
is difficult, if not impossible. Some variables change very
rapidly in certain regions, but remain fairly smooth in other
regions where another variable could be undergoing severe
change. In the present study, an algorithm is developed so
that it automatically chooses which variables are to represent
the weighting function at each grid point location. The scheme
computes gradients and/or the curvature of each user specified
variable and then, after normalizing each of these, chooses
the largest in magnitude to represent the weighting function
at each point. This method has proven superior to conven-
tional weighting function selection processes, especially where
large changes in different dependent variables exist in differ-
ent regions of the flow.

The normalized flow variable f; ; at a cross-stream location
i and a streamwise location j is computed as

]_(‘__ — f;',[ - fmin
! fmax - fmin

where f; ;is a linear combination of the gradients and curvature
of the dependent flow variables &,

_ o[ o,
c@) ) o
where

9b; _ 9o, P _ i

s e s | a2 52 |,

for all specified ¢, (i.e., Mach number, pressure, density,
etc.). Hence, the gradients of all selected flow variables are
computed, then the maximum is chosen to represent f;; at
each point along the current adaptation line. A similar pro-
cedure is done for the curvatures if § is not equal to zero.
The constants « and B are specified by the user. For all test
cases studied, o was given a value of unity, whereas B was
given a value between 0.1 and 0. Nonzero B increases grid
point density in regions where the gradient is changing rapidly.
The net effect is to thicken slightly the clustering regions.
Increased grid clustering is also observed at the edge of bound-
ary layers when nonzero values of B are used.

The solution-adaptive grid procedure is done in a two-step
manner. Once a solution has been obtained at a certain
streamwise location, the first step in obtaining the solution at
the next streamwise location is to project the just obtained
adapted grid downstream. An initial solution is then obtained
on this grid. Based on this solution, the new grid is adapted
and, in the second step, a refined solution is recomputed.
Once this is done, the calculation proceeds to the next stream-
wise location and the two-step procedure is repeated.

A summary of user required parameters necessary in im-
plementing this solution-adaptive grid algorithm is given in
the following: maximum allowable grid spacing As.,,,; mini-
mum allowable grid spacing As,,,; the amount of torsional
dependence \; degree of grid straightness or orthogonality
desired C,; and adaptation variables ¢, (selected dependent
flow variables). In later sections, numerical values for these
parameters are presented that were used in obtaining solution-
adaptive results for a variety of two-dimensional problems.
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Grid-Fitting Algorithm

The grid-fitting algorithm is developed for high Reynolds
number external flow situations with freestream conditions
enforced at the far field or outer boundary. At each marching
station, to successfully implement these boundary conditions,
a grid plane must first be constructed that extends a sufficient
distance into the freestream. It would obviously be desirable
to minimize the number of grid points placed in the free-
stream, keeping a maximum number of points inside the im-
portant region of the flowfield.

The PNS solver used in this study incorporates a shock-
capturing scheme in which a computational grid is stretched
a sufficient distance into the freestream and shocks and other
discontinuities evolve from the governing equations without
any special treatment. Conventional shock-fitting schemes use
the bow shock as a flowfield boundary. Normal shock rela- .
tions can then relate freestream conditions to those down-
stream of the shock. These shock-fitting schemes can effec-
tively reduce the calculation domain by using the evolving
bow shock as the flowfield boundary, provided an initial shock
position can be reasonably estimated. The grid-fitting scheme
introduced in this section incorporates the reduced calculation
domain inherent in shock-fitting schemes with the relatively
simple far-field boundary condition of the shock-capturing
method. The present grid-fitting scheme locates the innermost
bound of the freestream conditions at the current marching
station by scanning outward along the marching station, com-
paring flowfield conditions at each point to freestream con-
ditions. The outermost grid line is then adjusted to a pre-
scribed distance above this newly defined freestream boundary,
minimizing the cross-stream calculation domain. The interior
grid points are then redistributed or adapted inside this re-
duced domain.

This procedure can be summarized as follows. A prelimi-
nary solution is first obtained on an initial grid at the current
marching station. A search of flowfield variables is then per-
formed outward from the solid boundary to find the point
where freestream conditions are first encountered. The out-
ermost grid point is then placed a small distance above this
position (which is a prescribed percentage of the total length
of the grid line). It is in this manner that the geometrical
boundary of the solution domain is altered during the course
of the calculations, reducing the number of unnecessary grid
points present in the freestream and moving them to more
important regions of the flowfield. Next, the interior grid
points are redistributed inside this reduced domain using the
adaptive technique described in previous sections. A new,
improved solution is then computed on the refined mesh. The
refined mesh (including the total height) is then projected
downstream to the next marching station location and the
procedure is repeated. At each marching station, the outer-
most grid boundary is monitored, maintaining a minimum
number of grid points outside the shock wave. It is important
to point out that use of the grid-fitting algorithm described
in this section eliminates the need for an initial grid. All that
is needed is a surface grid and a grid point distribution at the
starting plane (initial marching station).

Test Results

Hypersonic Compression Corner

The first test case involves hypersonic laminar flow over a
15-deg compression corner. This geometry has been examined
by other investigators. Lawrence et al.!* have computed nu-
merical results for this case. This case has also been studied
experimentally by Holden and Moselle,!” and the resulting
pressure and heat transfer are used here for comparison with
present results. The flow conditions are the following: M,, =
14.1; 1 = 0439 m; T, = 712.2K; T,, = 297 K; Re; = 1.04
X 10%;, Pr = 0.72; and y = 1.4. Re, is the freestream Reynolds
number based on the distance from the leading edge to the
beginning of the ramp. The flowfield contains multiple shock
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waves, which require a high degree of grid resolution to be
captured clearly. Mach number and pressure were selected
as the ¢, of Eq. (7) (k = 2) and o and B set equal to 1.0 and
0.1, respectively. An initial plane was generated at x = 0.015 m
by exponentially stretching 45 grid points in the normal di-
rection. The solution process was started at this location from
freestream conditions using a step size of 10~* m. Grid ad-
aptation was initiated at x = 0.05 m, where the marching step
size was increased to 1072 m. The maximum and minimum
allowable grid spacings As,,.,, and As,;, were chosen to be 4.5
and 0.3 times the average upstream grid spacing, respectively.
The torsional parameter A was set at S X 10~° and the or-
thogonality parameter C, was set to 2. Figures 3 show the
geometry and the resulting grids. For clarity, in each part of
Figs. 3, every other grid line is printed in the normal direction,
whereas every tenth grid line is shown in the streamwise di-
rection. Figure 3a shows the grid structure without adaptive
gridding. In Fig. 3b, grid adaptation is performed, but without
any grid fitting. The outermost grid line of Fig. 3¢ was po-
sitioned using the grid-fitting algorithm described earlier.
Gradients of density and streamwise velocity component were
used to locate the innermost bound for the freestream con-
ditions. Figures 4 illustrate the region surrounding the bow-
ramp-shock interaction. All normal lines are shown. For the
adapted cases, point density has increased in the appropriate
regions to resolve the shock waves. The grid-fitted adapted
case shows increased grid point density in virtually all regions
of the flow. For this case, increased grid clustering is evident
around the expansion fan emanating from the point of inter-
section of the two shock waves. In both adapted cases, wall
spacing was allowed to decrease if necessary, but not allowed
to increase beyond 1074 m.

Figures 5 show contours of constant pressure in the region
of interest around the shock wave interaction. The adapted
case shows increased shock wave resolution over the una-
dapted case, and even over the unadapted case employing
twice as many grid points. The pressure contour oscillations
evident in the ramp shock region of Fig. 5a are not present

in Figs. 5b and 5d due to the ability of the grid adaptation
scheme to identify these high-gradient regions and locally
increase grid point density. Another reason for the absence
of this waviness in the adapted cases is the improved alignment
of the grid with the shock waves. This alignment of the shocks
with the computational grid has a stabilizing effect on the PNS
solver. The pressure contours of Figs. 5 clearly illustrate the
intersection of the bow shock with the ramp shock. These
features are less clearly resolved for the unadapted cases. The
figure corresponding to the grid-fitted adapted mesh algo-
rithm developed in this paper appears to be the most optimal
one in terms of clearly resolving shock waves.

Pressure profiles at x = 0.7 m are shown in Fig. 6. The
leading edge shock is marked by a slight compression, which
is followed by a sharp compression due to the ramp shock.
Each grid point is marked by a symbol to show the migration
of points into the high-gradient regions. Because of the in-
creased point density in these regions for the adapted case,
the corresponding pressure profiles show improvements in
shock definition over the fixed grid cases, even for the fixed
grid employing twice the number of grid points. The adapted,
not grid-fitted, case would show similar point distribution.
The grid-fitted case also shows improvements over the adapted
case without grid fitting in the leading-edge shock region.

In Figs. 7 and 8, wall pressure and heat transfer coefficient
distributions for adapted and unadapted cases are compared
with the experimental results obtained by Holden and Mo-
selle.’” The pressure coefficients of Fig. 7 were computed in
the following manner

_ D
C = p. V2

Heat transfer coefficients are defined by

C = [TH secf T
" PrRe,Vy(y — DM2 + 1 — T, oy

20
a)

Y .10

ITRNRA|
1RGNN

20
b)

y .10 1T ]

Fig. 3 Computational grids for compression corner:

a) not adapted; b) adapted; c) adapted and grid fitted.
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Fig. 4 Computational grids in the vicinity of the shock interaction region: a) without grid adaptation; b) with grid adaptation; ¢) without grid
adaptation; d) with grid adaptation and grid fitting (all dimensions are in meters).
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Fig. 5 Pressure contours in the shock interaction region: a) without grid adaptation; b) with grid adaptation; c) without grid adaptation; d) with

grid adaptation and grid fitting.

where subscript w denotes values at the wall and @ is the angle
between the y axis and a line normal to the wall. The present
results show reasonable agreement with the experimental re-
sults, although both pressure and heat transfer coefficient
distributions are slightly overestimated, more so for the heat
transfer (Fig. 8). A slight improvement in pressure coefficient
is noticed in the region directly above the base of the ramp.
This can possibly be attributed to the slight reduction in wall
spacing that occurs in the adapted cases. As expected, both
pressure and heat transfer coefficient distributions for the
unadapted case employing 90 grid points lie between the adapted
cases and the unadapted case that employs only 45 grid points.

Computational effort was measured on a Cray Y-MP/832
computer. The unadapted case employing 45 grid points in

the normal direction required 17.0 s of CPU time, whereas
the adapted cases required 36.4 s. The unadapted case em-
ploying 90 grid points used 34.9 s of CPU time. The use of
the grid-fitting algorithm added no significant effort to the
computations of the solution-adapted case. The unadapted
case employing 90 grid points and the adapted case employing
45 points used approximately the same CPU time; however,
shock wave resolution is significantly better for the adapted
cases.

Hypersonic Inlet

A planar, cowl-type inlet geometry was studied to further
examine performance of the grid adaptation procedure. This
geometry (Fig. 9) is composed of two compression surfaces
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Fig. 8 Comparison of heat transfer coefficients.

followed by a narrow inlet channel. The cowl surface begins
at x = 0.9 m (grid points in the freestream, upstream of this
x location in Fig. 9, have been omitted). Because of the in-
ternal nature of this configuration, the outer grid-line ad-
justment technique is not appropriate and was not employed
here. This case was chosen to illustrate the ability of the
present adaptation method to resolve shock wave and shock-
boundary-layer interactions. The freestream conditions are
M,=651=10m; T, = 702 K; T, = 1216 K; Re; =
2.0 X 10% Pr = 0.72; and y = 1.4. [ is the distance to the
downstream end of the second compression surface. No-slip
boundary conditions were applied along the entire upper wall,
whereas at the lower boundary, freestream conditions were
applied on the forebody (i.e., upstream of the inlet plane
located at x = 0.9 m). At the inlet face, no-slip conditions
were introduced. The grid consists of 80 grid points clustered
at both upper and lower flowfield boundaries using a hyper-
bolic tangent stretching function.'? In order to provide grid
continuity at the inlet plane, grid stretching was extended the
entire length of the geometry; to clarify the inlet plane lo-
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Fig. 9 Computational grid for planar inlet: a) geometry, b) inlet plane region (dimensions are in meters).
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cation, only 60 grid points are shown on the forebody in Figs.

Solution-adaptive gridding was initiated at x = 0.04 m. The
maximum and minimum grid spacings were set to 4.5 and 0.2
times the average grid spacings, respectively. The torsion pa-
rameter \ was set to 2 X 107 and « and 8 of Eq. (7) were
given values of unity and zero, respectively. On the forebody,
the adaptation domain consisted of the 60 points nearest the
upper wall. At the inlet face location (x = 0.9 m), no-slip
boundary conditions were introduced at the cowl lip and the
adaptation domain was extended to include the entire cal-
culation domain. This procedure maintained a sufficient grid
clustering at the lower boundary to resolve the viscous effects
present at the cowl lip. The enlarged region of Fig. 9 shows
the grid surrounding the shock wave interaction at x =~ 1.0 m.

The pressure field in the region directly downstream of the
inlet plane is shown in Fig. 10 for both unadapted and adapted
cases. The two shocks can be clearly seen impinging on the
boundary layer that is developing on the cowl surface. These
two shock waves penetrate the lip shock, deflecting it down-
ward slightly, and then meet at the wall where they reflect as
a single, stronger shock. The resulting reflected shock travels
downstream, interacting with the lip shock again at x = 1.15m,
and then is deflected by the expansion fan formed by the top
of the compression surface. These characteristics are much
more clearly defined in the adapted case (Fig. 10b).

Static pressure profiles at x = 0.9 m are shown in Fig. 11.
Both adapted and fixed-grid solutions are compared with in-
viscid, oblique-shock theory. The two shock waves that cross
this x location are difficult to distinguish from one another
for the fixed-grid case. The shape of the pressure profile for
the adapted case agrees well with the shape of the inviscid-
theory curve in that both shock waves are clearly defined. To
verify that the upward shift in profiles for the computational

Comparison of computed pressure contours for planar inlet: a) not adapted; b) adapted (dimensions are in meters).
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Fig. 11 Comparison of pressure profiles (x = 0.9 m).

results is attributed to viscous effects, an inviscid fixed-grid
solution was computed. A comparison of these results clearly
shows that the discrepancy between the viscous numerical
solution and that of inviscid theory is due primarily to viscous
effects and is not the result of numerical error.

Cone Cylinder

The final test case involves supersonic flow over a cone-
cylinder arrangement. This test case is related to the study of
sonic boom predictions. In sonic boom predictions, it is de-
sirable to predict the far-field pressure impulse caused by a
moving shock wave. It is often difficult to obtain a satisfactory
grid for this type of problem because the primary region of
interest is a great distance from the body, making the solution
domain very large. Conventional grid point clustering in the
far field is often not possible without overpopulating other
less important regions of the flowfield, resulting in wasted
time and effort. Thus, the use of an adaptive grid scheme for
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Fig. 12 Comparison of pressure impulses.

Table 1 Comparison of computational effort

Number of
Case Grid grid points CPU, s

Compression corner Fixed 90 35
Fixed 45 17

Adapted 45 36

Inlet Fixed 80 170
Adapted 80 345

Cone cylinder Fixed 340 1320
Adapted 100 880

this case is virtually imperative for obtaining an accurate so-
lution. For the present study, the geometry consists of a 3.24-
deg half-angle cone joined by a slender cylinder. The length
of the cone is 4.3 in. The flow is axisymmetric and calculations
were performed using the PNS solver, neglecting viscosity, at
a freestream Mach number of 1.68. For the solution-adaptive
case, 100 points were used normal to the body. A conical
step-back procedure was started from freestream conditions
at x = 0.01 in. until a satisfactory conical starting solution
was obtained. The maximum and minimum allowable grid
spacings As... and As,, were initially set to 3.0 and 0.2,
respectively. The torsional parameter A was set to 1 x 103
and « and B of Eq. (7) were given values of unity and zero,
respectively. The solution proceeded from the starting plane
to a distance of 130 in. downstream. This x distance corre-
sponds to the distance where the bow shock is at an altitude
of 10 cone lengths above the body axis.

In addition to the bow shock, the flowfield features include
a strong overexpansion at the base of the cone followed by a
recompression wave. Figure 12 compares experimental pres-
sure measurements at an altitude of 10 cone lengths with
computed results using both adapted and fixed grids. The
adapted case using 100 points is seen to be superior to even
the finest unadapted case. This clearly illustrates the benefit
of an adapted grid scheme for use with sonic boom calcula-
tions where the far-field flow structure is of major importance.

The fixed-grid case using 340 grid points required 22.5 min
of CPU, whereas the adapted case employing 100 grid points
required 15 min. A summary of computational effort for each
test case is provided in Table 1. All computations presented
here where performed on a Cray Y-MP/832 and CPU times
are measured in seconds.

Concluding Remarks
A solution-adaptive grid procedure has been developed and
used with an upwind space-marching scheme. This line-by-
line method of redistributing grid points is found to be com-

AJAA JOURNAL

patible with the plane-by-plane solution process of the march-
ing scheme. The adaptive grid algorithm provides improved
shock resolving characteristics over the conventional flow al-
gorithm. In all test cases presented in this paper, the adaptive
grid scheme was able to accurately align the computational
grid with existing shock waves. This increased grid alignment
was observed to enable the PNS solver to remain stable for
a larger marching step size than that used with fixed grids.
The increased computational effort required for the solution-
adaptive process lies principally in the need to recompute each
¢-plane on the refined grid. The effort required for actual grid
point redistribution is negligible.
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